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PART I: REFERENCE MATERIAL 


Greek alphabet 

a A alpha 





v T 
4> $ 
X X 
y, * 


chi 




Mathematical language 

1. In mathematics we commonly use implications such as ‘if P then Q\ 
where P and Q are statements which can be either true or false. The 
statement P is the hypothesis and the statement Q is the conclusion. 
An implication is true if the conclusion is true whenever the hypothesis is 
true and false otherwise. For example, the following implication is true: 


if x is positive, then x + 1 is positive. 

There are various equivalent ways of stating such an implication: 

(a) if x > 0, then x + 1 > 0; 

(b) * > 0 => * + 1 > 0; 

(c) for all x > 0, we have x + 1 > 0; 

(d) x + 1 > 0, for all z>0; 

(e) x + 1 > 0, whenever x > 0; 

(f) for x + 1 to be positive, it is sufficient that x be positive. 


2. The converse of an implication is obtained by exchanging the hypothesis 
and the conclusion. For example, the converse of the (true) implication 
if x > 0, then x + 1 > 0 


if x + 1 > 0, then x ; 
•rich is false (try x = 0). 




1. Definitions 




2. Some important subsets of the real numbers 



3. Upper and lower bounds 

Suppose that A is a non-empty subset of R. Then A is bounded above if 
there is a real number M such that 
x < M, for all x € A. 

The number M is called an upper bound of A. Clearly, any number 
bigger than M is also an upper bound of A. A lower bound of A is 
defined similarly. 

Among all upper bounds of A, the smallest (which always exists if A is 
bounded above) is called the least upper bound of A, or the supremum 
of A, written sup A. The greatest lower bound, or the infimum, of A, 
written inf A, is defined similarly. 

If A has infinitely many elements, then sup A and inf A may or may not 
belong to A. In contrast, if A has finitely many elements, then sup A and 
inf A are the largest and the smallest elements of A, respectively, and 

If sup A belongs to A, then we may use the alternative notation max A for 
sup A. Similarly, if inf A belongs to A, then we may denote it by min A. 
Example If A = [-1,1[, then 

sup A = 1 and inf A = min A = -1. 

If B = {-1,0,1,2), then 

supB = maxB = 2 and inf B = minR = -1. 

4. Inequalities 

Rules for rearranging inequalities 

(a) a < b 6 — a > 0. 

(b) a < b ^. a + c<h + c. 

(c) If c > 0, then 





(d) If a, b > 0, then 



(e) If a, b > 0 and p > 0, then 

a < b <=> a? < W. 






Corresponding versions of these inequalities exist with strict inequalities 
replaced by weak inequalities; that is, with a < b replaced by a < b. 

The solution set of an inequality involving an unknown real number x is 
the set of values of x for which the inequality holds. 

Rules for deducing new inequalities from given ones 

(a) For all a, 6, c in R, 

a <b and b < c ==> a <c. Transitive Rule 

(b) For all a, 6, c, d in R, if a < b and c < d, then 

a + c < b + d\ Sum Rule 

ac < bd (provided that a, c > 0). Product Rule 


Modulus 

If a: 6 R; then the modulus, or absolute value, of a: is 


Thus |a:| is the distance from the origin to x, and so 

(a) W<« <=». —a < x < a; 

(b) |*| > a <=► x>aoix< -a; 

(c) the distance on the real line from a to b is |a — 6|. 

5. The Principle of Mathematical Induction 

Suppose that P(n), n = 1, 2, 3, ..., is a sequence of propositions such that 

(a) P( 1) is true, and 

(b) whenever P(&) is true, P(k + 1) is also true. 

Then P(n) is true, for n = 1, 2, ... . 

Example We wish to show that 2 n > n, for n = 1, 2, ... . 

Let P(n) be the proposition 2 n > n. 

(a) P(l) is true, since 2 1 > 1. 

(b) Suppose that P(Jfe) is true; that is, 2* > k. Then 

2* +1 =2-2 k >2k = k + k>k + l, 
so that P(k -f 1) is true. 

Thus 2” > n, for n = 1, 2, ..., by the Principle of Mathematical 
Induction. 


Real functions 

1. Definitions 

A real function / is defined by specifying 

(a) two subsets A and B of IR, and 

(b) a rule which associates with each x € A a unique y€ B. 

The sets A and B are called the domain and the codomain of /, 
respectively. We write 
/ : A —► B. 

If / : A —- B and j: G A, then f(x) is called the image of x under /. or 
the value of / at x. The image of the function f is 
f(A) = {f(z)-.xeA}. 










PART II: UNIT SUMMARIES 
Unit A1 Complex Numbers 

Section 1: Introducing Complex 
Numbers 

1. A complex number * is an expression of the form 
z + iy, where z, y G R and «is a symbol with the 
property that t 2 = —1. We write z = x + iy or, 

in Cartesian form; l is calle/the real part, of z 
and y the imaginary part of z, written z = Rez 
and y = lmz. 

Two complex numbers are equal if their real parts 
The set of all complex numbers is denoted by C. 

2. The binary operations of addition, subtraction 
and multiplication of complex numbers are 

and are performed by treating the complex numbers 





(Hi) (*) = *• 

(b) If z\ and z 2 are complex numbers, then 


(iv) zi/z 2 = *i/*2, where z 2 ± 0. 


9. Arithmetic in C 

A1 For all x u z 2 in C, 

*i + *2 € C. 

A2 For all z in C, 
z + 0 = 0 + z = z. 


Ml For all zi, z 2 in C, 
*i*2 6 C. 

M2 For all z in C, 


A3 For all z in C, 

* + (-*) = (-*) + * = o. 

A4 For all zi, z 2 , z$ in C, 
(*i + *2) + *3 

= *1 + (*2 + *a). 

A5 For all zi, z 2 in C, 


M3 For all non-zero z in C, 

M4 For all zi, z 2 , z 3 in C, 
(*1*2)*3 = *1 (*2*3)- 


M5 For all Z!, z 2 in C, 


3. The negative, —z, of a complex number z = x + iy 


D For all g u z 2 , z 3 in C, 

*1 (*2 + *3) = *1*2 + *1*3- 





5. The quotient, *i/z 2 , of a complex number zi by a 
non-zero complex number z 2 is 



6 . Strategy for obtaining a quotient 
To obtain the quotient 

in Cartesian form, multiply both numerator and 
denominator by z 2 - *y 2 , so that the denominator 
becomes real. 


7. The complex conjugate, z, of a complex number 


10. Binomial Theorem 

(a) If z € C and n 6 N, then 

= 1+B *+n(!Lz2i z 3+...+*». 

(b) If zi, z 2 € C and n € N, then 

(*+^)”=E(S) *>”"*<* 

= 2," + tl2” _1 22 + ~ ^ 2"~ 2 2j + ■■■ + !"■ 

11. Geometric Series Identity 

(a) If * € C and n € N, then 

(b) If zi, z 2 € C and » € N, then 

= (*1 - *2) f*!*” 1 + Z?~ 2 Z2 + +-h *2 ” 1 )' 





Section 2: The Complex Plane 


1. The complex number z = x + iy is represented by the 0 = n-<j> 0 = <t> 

ordered pair (x, y) in R 2 , called the complex plane. 

Complex numbers can be thought of as based _^_ 

(0,0) to (x,y). The sum and difference of two 

complex numbers z\ and z* satisfy the parallelogram $ — 6--(j> 


2. The modulus, or absolute value, of z = z + iy is 
the distance from 0 to z; it is denoted by |z|. Thus 

l*)=l*+i,l = v 4 3 T7. 

3. |zi — zi\ is the .distance from z\ to Z2. 

4. Properties of the modulus 

(a) |z| > 0, with equality if and only if z = 0; 

(b) |zj = |z| and |—z| = |z|; 

(c) |z| 2 = zz; 

(d) \zi - z 2 \ = \Z2 - Zi\; 

(e) |ziZ2| = |*i|M 

\zi/z 2 \ = \zi\l\z 2 \, where z 2 ^ 0. 


5. An argument of z = x + iy, z # 0, is an angle 0 
(measured in radians) such that 



No argument is assigned to z = 0. 

Each z # 0 has infinitely many arguments. If 0 is an 
argument of z, then the arguments of z are given by 


6. The ordered pair (r, 9), where r is the modulus of a 
non-zero complex number z and 9 is an argument of 
z, are called polar coordinates of z. The expression 
z = r(cos 0 + i sin 9) 

is called a representation of z in polar form. 


7. The principal argument of a non-zefo complex 
number z is the unique argument 9 of z satisfying 
—tc < 9 < ir, it is denoted by 


9. If z\ and Z2 are non-zero with 

z\ — n(cos01 + isin 0i) and Z2 = r 2 (cos02 + isin 02), 
then 

xi *2 = rir 2 (cos(0i + 0 2 ) + isin(0i + 0 2 ))- 
The geometric effect on zi of multiplying it by z 2 is 
to scale zi by the factor |z2| and rotate it about 0 
through the angle Arg z 2 (this rotation is 
anticlockwise if Argz 2 > 0, clockwise if Argz 2 < 0). 

10. If zi and Z2 are (non-zero) complex numbers, then 

Arg(ziz 2 ) = Arg zi + Arg z 2 + 2nr, 
where n is —1, 0 or 1 according as Argzi -f ArgZ2 is 
greater than ir, lies in the interval ]-t, jt] or is less 
than or equal to —x. 

11. If zi and Z2 are non-zero with 

z\ = n (cos 0i + * sin 0i) and Z2 = r2 (cos 02 + isin 02), 


^ = ^(cos(0i - 02) + isin(0i - 02». 

The geometric effect on zi of dividing it by z 2 is to 
scale zi by the factor l/|z 2 | and rotate it about 0 
through the angle Arg z 2 (this rotation is clockwise i 
Argz 2 > 0, anticlockwise if Argz 2 < 0). 

2. If z is non-zero and z = r(cos0 + isin 0), then 
z -1 = ~(cos(—0) + isin(—0)). 


13. de Moivre’s Theorem 

If n is an integer and 0 is a real number, then 
(cos 0 + i sin 0) n = cos n9 + i sin n0. 


8. Strategy for determining principal arguments 

Case (ii) If z does not lie on ?ne of the axes, then 
(a) decide in which quadrant z lies (by plotting if 
necessary) and then calculate the angle 
if> = tan -1 ([jf|/|x|); 

formula in the following diagram. 

JO 




Section 3: Solving Equations Section 4: Sets of Complex 
with Complex Numbers Numbers 


n > 2. Each solution of z n = w is called an nth 

2. Let 

u, = # .(cos^ + .' S in*) 
w has exactly » nth roots, given by 

Jb = 0,1,..., n — 1. 

These n nth roots form the vertices of an n-sided 
centred at 0. 

3. If w = p (cos <f> +»sin 4>), where <f> is the principal 
argument of w, then 

is called the principal nth root of w, denoted by 
w 1 '". 

5. Strategy for finding nth roots 

To find the n nth roots * 0 , *i,..., z„_i of a non-zero 

(c) if required, convert the roots to Cartesian form. 

IncTda% °\ve + bZ + C_0 ’ WherC 

_ -b ± Vb 2 - 4 ac 


inequalities involving them. 


(a) Open half-plane {z : a Re z + &Im z > c}, 
closed half-plane {z : a Re 2 + b Im z > c}, 
where o, b, c € R and a, 6 are not both zero. 

(b) Open disc {z:\z-a\< r}, 
closed disc {z:\z-a\< r}, 
where r > 0. 


Section 5: Proving Inequalities 

1. | Re z[ < |z| and | Im z| < |z|. 

2. Triangle Inequality 
If *i, z 2 6 c, then 

(a) |zi + * 2 | < |zi| + |z 2 | (usual form); 

(b) |zi — z 2 | > ||zi| — |z 2 || (backwards form). 

3. Ifz, zr,z 2 , ...,z„€C, then 

(a) H<|Be*|+|lm#|; 

(b) |«-»l<|z,|+|z 2 |; 

(c) |zi + z 2 |> ||zi|-|z 2 ||; 

(d) |zi±z 2 ± ••■±z„| < |zi| + |z 2 | H-h |z„|; 

(e) |zi ± z 2 ± ■ ■ • ± z„| > |zi| - |z 2 |-|z„|. 




Unit A2 Complex 
Functions 

Section 1: What is a Complex 
Function? 

1. A complex function / is defined by specifying 
(a) two sets A and B in the complex plane C, and 

a unique number w in B\ we write w = f(z). 
The set A is called the domain of the function / 
and B is called the codomain of /. The number w 
is called the image of z under /, or the value off 


2. Convention When a function / is specified just by 
applicable, and the codomain of / is C. 

3. Given a function /: A —. B, the image of / is 

/(A) = {/(*):* 6 A). 

If /(A) = B, then / is called onto. 

4. If f(A) C R, then / is called real-valued. 


and rule 

(f + 9)(z) = f(*) + g(z); 

the multiple A/, where A G C, is the function with 
(Xf)(z) = \f(z); 
and rule 

(/»)(*) = /(*)«(*); 

the quotient f/g is the function with domain 
A n B — {z : g(z) = 0} and rule 

(//*)(*) = /(*)M4 

6. A polynomial function of degree n is defined by 

p(«) = ao + ai z H-1- a n z n , 

where ao, ..., a n € C, and a n ^ 0. 

A rational function r is the quotient of two 

7. Let / : A —► C and g : B —► C be complex 

{zeA:f(z)eB} 
and rule 

(gof)(z) = g(f(z)). 


if Z!, z 2 € A and a* # * 2 , then f( Zl ) # f(z 2 ). 
Equivalently, if w 6 f(A) then there is a unique 
z € A such that f(z) = w. 

A function which is not one-one is many-one. 


9. Let /: A —* B be a one-one function. Then the 
inverse function, / _1 , of / has domain /(A) and 

/’» = *, where w = f(z). 


10. Strategy for proving that a function / has an 
inverse function 

EITHER prove that / is one-one directly by showing 

if zi*Z2, then f( Zl ) # f(z 2 ) 

OR determine the image f(A) and show that for 
each w € f{A) there is a unique z £ A such that 
f(z) = w. 


rule unchanged) gives a restriction of the function. 


Section 2: Special Types of 
Complex Function 

1. The functions Re / : * >—> Re(/W) “<> 
lmf:z l—. Im(/(*)) me called the real and the 
imaginary parts of /. Re / and Im / are 
real-valued functions with the same domain as /. 

2. A path is a subset T of C which is the image of an 
associated continuous function 71 1 —r C, where I is 

The function 7 is called a parametrization. If 
7(f) = «H t) + w) (tel) 

x = m y = m (* e/), 

If J is the closed interval [a, 4], then 7(a) and 7(6) are 
called the initial point and final point of T, 
respectively. 

It may be possible to obtain the equation of I’ in 
equations**“ /(f) md /= *(f) ‘ lng 







Standard parametrization 


. Given a function /: A —► B and a subset S of A, 
the image under /of S is 
nS) = {f(z):zeS). 


us function and T is a path in the 
• 7, then f(T) is 
called the image path; f(T) has parametrization 


6. Strategy for determining an image path 

Then the image path f{T) is found 
EITHER 

by substituting x = <&(<), y = i/>(t) into the equation 
u + iv = f(x + iy) 

and then, by equating real parts and imaginary 
parts, obtaining expressions for u and v in terms of t. 
(These expressions are the parametric equations of 
the image path f(T), associated with the 


Section 3: Images of Grids 




A polar grid consists of circles centred at 0 and rays 
emerging from 0. Each of the circles has an equation of 

constant in the interval ]—*,»]. 

Using the Strategy in Section 2 for determining an image 
path /(r), we can obtain the images of Cartesian and 
polar grids. 


Section 4: Exponential, 
Trigonometric and Hyperbolic 
Functions 


1. For all z = x + iy in C, 

c 1 = e x (cosy + ssin y). 

The function 

* —(*eC) 

e 2 = e*(cos 0 + isin 0) = e*. 


(a) .**+*» 

(b) |e’| = e*"’ 

(c) = 

(d) e'+ 2 " i = «* 


3. The geometric nature of exp 

z + 2nirt, n G Z, has the same image. 

(b) The line x = a is mapped to the path with 

u = e a cos t, v = e a sin t («€»). 

This is the circle with radius e a and centre 0. 

(c) The line y = 6 is mapped to the path with 
parametric equations 

ti = e t cos6, t» = e*sin6 (<€W)- 
This is the ray from 0 (excluded) through 

(d) c - ,7 <I+,V ' x < y - t} 18 mapped to 






,s=f(e“+.-“). 


Both cos and sin have domain C. 

Since {z : cos 2 = 0} = {(» + \)r : n € Z}, both tan 
and sec have domain C — {(n + |)x : n € Z}. 

Since {z : sin s = 0} = {nx: n E Z}, both cot and 


5. All the identities satisfied by the real trigonometric 
functions also hold for the complex trigonometric 


6. Hyperbolic functions 

The functions cosh, sinh, tanh, sech, coth and 
cosech are defined as follows: 

cosh z = ~(e z + e”*), sinh z = - (e z - e ~ z ) , 



Both cosh and sinh have domain C. 


Since {z : cosh 2 = 0} = {(» + |)x*’ : n € Z}, both 
tanh and sech have domain C — {(n + |)x*: n E Z}. 
Since {z : sinh 2 = 0} = {nxi: n E Z}, both coth and 
cosech have domain C — {nxt: n E Z}. 


Logarithmic identities 

(a) Log(ziZ 2 ) = Log Z\ + Log z 2 , 
if Arg z\ , Arg 22 €]-§*, J*]; 

(b) Log(l/z) = - Log z, if Arg z E ]-», *[. 

Part (a) holds in the following form for any 
values in the domain, C — {0}, of Log: 

Log zi z 2 = Log z\ + Log z 2 + 2nxi, 
where n is -1, 0 or 1 according as 
Arg zi + Arg z 2 is greater than x, lies in the 
interval ]—x, x], or is less than or equal to —x. 

(c) For z, a E C, with z ^ 0, the principal orth 
power of z is 

z® = exp(or Log z). 

This definition agrees with the usual meaning of 
z®, for a = n or a = 1/n, where » E N. 

The function z 1 —► z® is called the principal 
ath power function. 


7. For all z in C, 

sin(iz) = t sinh z and cos(*z) = cosh z. 


8. All the identities satisfied by the real hyperbolic 
functions also hold for the complex hyperbolic 
functions. 


Section 5: Logarithms and 
Powers 


1. For z 6 C — {0}, the principal logarithm of z is 
Log 2 = log. |z| + i Arg 2 . 

The corresponding principal logarithm function 
is called Log. It is the inverse of 

/(*) = e* (2 €{*+•!( :-*<»<*■}), 
and satisfies 

e L °s* _ 2, for 2 € C — {0}, 

Log (e a ) = 2 , for 2 € {1 + •'» : -Jr < y < 2}. 



Unit A3 Continuity 


Section 1: Sequences 

1. A (complex) sequence is in unending list of 


the sequence, and the sequence is denoted by {*„}. 

2. The sequence {*„} is convergent with limit a, or 

number e, there is an integer N such that 
|*„-«|<e, for all n > JV. 

If {*„} converges to a, then we write 


If the limit a is 0, then {z n } is called a null 
sequence. 

3. (a) The sequence {z n } converges to a if and only if 

(c) A constant sequence 




4. Squeeze Rule 

If {o„} is a real null sequence of non-negative terms, 
\z n \<a n , for » = 1,2,..., 


7. If Jim, z„ = a, then 

(b) lim z^=a] 

(c) lim Re z n = Re or, 

(d) lim Im z n — Im a. 


8. A sequence which is not convergent is divergent. 

9. The sequence {«„} tends to infinity if, for each 
positive number M , there is an integer N such that 

\z n \ >M, for all n > N. 

In this case we write 


10. Reciprocal Rule 

Let {*,} be a sequence. Then 


if and only if 
{!/*„} is a, 


strictly increasing; that is, 

Then the sequence {z„ k } is a subsequence of the 
sequence {z„}. 

In particular, {z2k} is the even subsequence and 


12. Subsequence Rules 

(a) First Subsequence Rule The sequence {z n } 
is divergent if {z n } has two convergent 
subsequences with different limits. 

(b) Second Subsequence Rule The sequence 
{z n } is divergent if {z n } has a subsequence 
which tends to infinity. 


5. Basic null sequences 

The following sequences are null: 

(a) {l/n p }, for y > 0; 

(b) {«"}, for |a| < 1. 


13. (a) If |a| > 1, then the sequence (a"} tends to 

(b) If |or| = 1 and a ^ 1, then the sequence {a”} is 
divergent. 


6. Combination Rules 

If lim z n = a and lim w n — P, then 
Sum Rule lim ( z n + w n ) = a + p; 

Multiple Rule lim (Az n ) = Aa, where A 6 C; 
Product Rule lim ( z n w n ) = ap\ 


Quotient Rule 




provided that p ± 0. 


14. If {z n } is a convergent sequence, then there is a 
positive number M such that 

\z n \<M, for n= 1,2. 

In this case, we say that {z„} is bounded. 


75 




Section 2: Continuous Functions 


Section 3: Limits of Functions 


1. Continuity: sequential definition 

Let /: A —► C and a € A. Then / is continuous 
at a if, for each sequence {z n } in A such that 


The point a is a limit point of a set A if there is a 
sequence { z n } such that 

z n eA-{a}, for n = 1,2,..., 


Zn-K* =► /(*«)-/(«)• 

If / is continuous at each a in A, then we say that / 
is continuous (on A). 

If / is not continuous at a, then we say that / is 
discontinuous at a. 


2. Continuity: e-6 definition 

Let / : A —► C and a £ A. Then / is continuous 

z€A, \z-a\<6 =* \f(z)-f( a )\<e. 

sequential definition of continuity. 

4. Basic continuous functions 

(a) polynomial and rational functions; 

(b) f(z) = \z\,z,Ji£z,Imz; 

(c) /(z) = e*; 

(e) f{z) = Arg z, Log z, z a ,onC-{ieR:i< 0}. 

5. Combination Rules 

Sum Rule / 4- g; 

Multiple Rule A/, for A € C; 

Product Rule fg ; 

Quotient Rule f/g, provided that g(a) ± 0. 

6. Composition Rule 

If the function / is continuous at o, and if the 


7. Restriction Rule 

If the function / has domain A, the function g has 

1. /is the restriction of g to A; 

2. g is continuous at a- € A, 


2. Let / be a function with domain A, and suppose 
that a is a limit point of A. Then the function / has 
limit /3 as z tends to oc if for each sequence {z n } in 
A — {or} such that z n —► a, 

EITHER lim /(*) = /?, 

OR 

3. Strategy for proving that a limit does not 

To prove that lim f(z) does not exist, where a is a 
limit point of the domain A of the function /: 

(a) find two sequences { z n } and {z' n } in A — {<*} 
which both tend to a, such that the sequences 
{f(zn)} and {f{z' n )} have different limits; 


(b) find a sequence {z„} in A - {a} which tends to 
a, such that the sequence {/(z n )} tends to 

4. Let / be a function with domain A and suppose that 
or € A is a limit point of A. Then 

/ is continuous at a <=*■ lim f(z) = /(a). 


5. Let / be a function with domain A and suppose that 
a is a limit point of A. Then the function / has 
limit /3 as z tends to o: if for each positive e, there 
is a positive 6 such that 

| f(z) - P\ < e, for all z e A — {a} with \z - a| < 6. 


6. Combination Rules 

Let / and g be functions with domains A and B, 
respectively, and suppose that a is a limit point of 
A D B. If 

lijn f(z) = p and lim g(z) = 7, 


Sum Rule 
Multiple Rule 

Quotient Rule 


lim U(*) + 9(*))=0+r, 
lim*(A/(z)) = A/), for A € C; 
lim (/(%(*)) = Hr, 

jtaf(/(*)/,(*)) = 0/7, 

provided that 7 # 0. 
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Section 4: Regions 


4. A set E in C is bounded if it is contained in some 


centre of some open disc lying entirely in A. 

2. Combination Rules 

(a) A\ U A2 and 

(b) AlC\A2. 



3. A set A in C is (pathwise) connected if each pair 
of points a, p in A can be joined by a path lying 

4. Connected sets in which any two points a and P can 

connected. Then the image /(A) is also connected. 



(b) any open half-plane; 

(d) any open annulus; 

(g) the set C itself. 

8. If ft is a region and <* 0 € ft, then ft - {<x 0 } is also a 


Section 5: The Extreme Value 
Theorem 

1. A set E in C is closed if its complement C - E is 

2. If E is a closed set and { z n } is a sequence in E with 
limit a, then a € E. 


5. A set E in C is compact if E is closed and bounded. 

6. Extreme Value Theorem 

Let the function / be continuous on a compact set 
E. Then there are numbers a, Pin E such that 
\f(0)\ < \f(z)\ < |/(or)|, for all * € E. 

7. Boundedness Theorem 

Let the function / be continuous on a compact set 
E. Then there is a number M such that 
\f{z)\ < M, for all zeE. 

8. If the function / is continuous on a compact set E, 
then f(E) is compact. 

9. Let A be a subset of C and let a € C. Then 

(a) a is an interior point of A if there is 
disc centred at a which lies entirely in 

(b) a is an exterior point of A if there is 

The set of interior points of A forms the interior of 

10. Let A be a subset of C and let a € C. Then a is a 
boundary point of A if each open disc centred at a 

The set of boundary points of A forms the 

dA = C — (int A U ext A). 

Also int A and ext A are open, whereas dA is closed. 

11. Nested Rectangles Theorem 

Let Rn, n = 0,1,2,..., be a sequence of closed 
rectangles with sides parallel to the axes, and with 

1. RoDRi Dft 2 D...,and 

2. lim s n = 0. 

Then there is a unique complex number a which lies 
in all of the rectangles R n . Moreover, for each 

R n C{z:\z-a\<e}, for all n > N. 


3. Combination Rules 

If Ei and E2 are closed sets, then so are: 

(a) Ei U E2 and 

(b) ElC\E2. 

This rule extends to n closed sets E\, E 2 , E n : 

Ei U Ej 2 U — U E n and Ei n E2 n — O E n 
are closed sets. 


li 








Unit A4 Differentiation 


Section 1: Derivatives of 
Complex Functions 

the point ^ Then the derivative of/atnis 

ii m /(»)-/(“) ( or u m /(« + *)-/(«) ) 

provided that this limit exists. If it does exist, then 
/ is differentiable at a. If / is differentiable at 
every point of a set A, then / is differentiable on 
A. A function is differentiable if it is differentiable 

The derivative of / at o is denoted by f(a), and the 

/' : 2 1 * f'( z ) 

is called the derivative of /. The domain of /' is 
the set of all complex numbers at which / is 


2. A function is entire if it is differentiable on the 
whole of C. 

3. If a function / is differentiable on a region H, then / 
is said to be analytic on H. If the domain of / is a 
region and if / is differentiable on its domain, then / 

a point ok if it is differentiable on a region 


4. If the complex function / is differentiable at or, then 



5. Linear Approximation Theorem 

If the complex function / is differentiable at a, then 
/ may be approximated near or by a linear 

f(z) = f( a ) + (z-a)f'( a ) + e(z), 
where e is an ‘error’ function satisfying 
e ( z )/(z — a) —► 0 as z —► a. 


p(z) = aio + a\z -|- +a n z n (z € C), 

where ao, ai,..., a n € C and a n ^ 0, is entire with 

p , (z) = ai+2a 2 z+ - + na n z n ~ 1 (z € C). 
Any rational function is analytic. 


8. Strategy A for non-differentiability 

If / is discontinuous at a, then / is not differentiable 


9. Strategy B for non-differentiability 

the difference quotient 

/(*)-/(«) 


10. Higher-order derivatives of a function / are 


(/")- = /"' = /*>, 


The nth derivative ol / is denoted by / (n) . 


11. A geometric interpretation of derivatives 
If /'(«) # 0, then, to a close approximation, 

/(z) - /(«) = /'(«)(* “ «)• 


It follows that, to a close approximation, a small disc 
centred at a is mapped to a small disc centred at 
f(a). In this process, the disc is rotated through the 
angle Arg and scaled by the factor \f(a)\. 


6. Combination Rules 

Let / and g be complex functions with domains A 
and B, respectively, and let a be a limit point of 
A n B. If / and g are differentiable at a, then 
Sum Rule (/ + ^)'(or) = /'(or) + ff'(or); 

Multiple Rule (A/)'(<*) = A/'(a); 

Product Rule (/^'(ar) = f'{ot)g(a) + f(a)g' (a); 

provided that g(a) ± 0. 


Quotient Rule 



Section 2: The Cauchy-Riemann 
Equations 

1. Cauchy-Riemann Theorem 

If / is differentiable at a = a + ib, then 

^ exist at (a, b) and satisfy the Cauchy-Riemann 

equations 

du . dv . . dv . du . 

= and _( a ,i)=--(a,i). 

2. Strategy C for non-differentiability 
Let /(* + iy) = «(*, y) + iv(x, y). If either 

then / is not difFerentiable at a + ib. 

3. Cauchy-Riemann Converse Theorem 

Let f(x + iy) = u{x, y) + iv{x, y) be defined on a 
region R containing a + ib. If the partial derivatives 
du du dv dv 
dx ’ dy’ dx ’ dy 

then / is difFerentiable at a + t6 and 


Section 3: The Composition, 
Inverse and Restriction Rules 

1. Composition Rule 

Let / and g be complex functions, and let a be a 
limit point of the domain of g o /. If / is 
difFerentiable at a, and g is difFerentiable at /(a), 
then g o f is difFerentiable at a, and 
(5 »/)'(«) = »'(/(«))/'(«)• 

2. Inverse Function Rule 

Let / : A —- B be a one-one complex function, and 
suppose that f~ l is continuous at /? £ B. If / has a 
non-zero derivative at r'ifi) € A, then /'* is 
differentiable at 0 and (/"*) (« = 


3. Restriction Rule 

Let / and 0 be functions with domains A and B, 
respectively, and let A C B. If a € A is a limit point 
of A and 

1- /(*) = $(*), for z e A, 

2. g is difFerentiable at a, 

then / is difFerentiable at a, and f'(ot) = g'(a). 


4. Standard derivatives 


Rule of / 

Rule of /' 

Domain of /' 

a, oi £ C 

0 

c 

Z k , k el, k>0 


c 

Z k , kel, k<o 

***-■ 

C-(0) 

**, «eti-z 


C-{zeK:z<0} 



c 

Log z 

l/z 

C-{i£R;i<«} 






C 

Un; 

sec 2 z 

C-{(. + l),:.6Z} 



C 



c 

tanhz 

sech 2 z 

C-{(n + k)*i:nel} 


Section 4: Smooth Paths 


1. Let T be a path with parametrization 7 :1 —*■ C, 
and suppose that c € I. If 7 is difFerentiable at c and 
if -y'(c) ^ 0, then 7 # (c) may be interpreted as a 
tangent vector to the path T at the point 7(c). 

2. Let <t> and be real functions, both with domain 
some interval I. Then the parametrization 

7 (i) = *(<) + W) (*€J) 
is difFerentiable at a point c £ I if and only if both <}> 
and il> are difFerentiable at c. If <f> and ip are 
difFerentiable at c, then 

1 '(c) = ^'(c) + .V(c). 

3. A parametrization 7: / —► C is smooth if 

(a) 7 is difFerentiable on J; 

(b) 7' is continuous on J; 

A path is smooth if its parametrization is smooth. 

4. Let / be a function that is analytic on a region R, 
and suppose that /'(or) ^ 0 for some a £R. If T : 7 
is a smooth path in R, passing through a, then the 
tangent vector to f(T) at f(a) may be obtained from 
the tangent vector to T at a by a rotation through 
the angle Arg f'(ot) and a scaling by the factor 

i/V)i- 

5. A function is conformal at a if it leaves unchanged 
the size and orientation of the angle between any two 
smooth paths through a. A function is conformal 

. on a set S if it is conformal at every point of S. A 
function is conformal if it is conformal on its 

/'(or) ^ 0. Then / is conformal at a. 

7. Smooth paths that meet at right angles are said to 
be orthogonal. A grid made up of orthogonal 
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PART I: UNIT SUMMARIES 
Unit B1 Integration 


Section 1: Integrating Real 
Functions 


Section 2: Integrating Complex 
Functions 


(contour) integral of / along T, denoted by 
/ r /(*)<** or/ r /, is 

J f(z)dz = J f(z)dz + J f(z)iz+ - 

+ J n*)dz. 

same value for the contour integral. 


be functions 



J(f(z) + g(z))iz = J f(z)iz+ J g(z)dz\ 
Multiple Rule 

J \f(z)dz = \J f(z)dz, for A 6 C. 





Section 3: Evaluating Contour 
Integrals 








3. The Chain Rule, 

l \/(*))/'(*)=(*»/)'(*). 

provides a primitive g o / for the integrand in 

j Amv'Wte- 


4. Contour Independence Theorem 

primitive on a region Jl, and let T\ and T2 be 
contours in 71 with the same initial point a and the 

J f(*)iz = J f(z)dz. 


Let the functions / and g be analytic on a region 71, 
and let f and g' be continuous on 71. Let T be a 
contour in 71 with initial point a and final point /?. 

J J(*y<*W» = [/(*)*(»)]2- J f'(z)g(z)iz. 


used to integrate non-differentiable functions. 


Section 4: Estimating Contour 
Integrals 

1. Let T: 7(<) (< € [«*,&]) be a smooth path. Then the 
length of the path T, denoted by I/(r), is 

£{T)=/ Ir'WMi- 

The length of a contour is the sum of the lengths 

2. Equivalent smooth paths have the same length. 

A smooth path and its reverse path have the same 

3. Estimation Theorem 

Let / be a function which is continuous on a contour 
T of length L, with 

1/001 < M, for z € r. 

|jf/(z)dz|<ML. 

J\ g (t)\ it. 


7. A path or contour T is closed if its initial and final 
If T is a closed contour, then the value of any 




A grid path is a contour each of whose constituent 
real axis or the imaginary a> 


10. Grid Path Theorem 


11. Zero Derivative Theorem 

F'(z) = 0, for all 2 in Jl. Then F is constant on 71. 





Unit B2 Cauchy’s Theorem Section 2: The Integral Formula 


Section 1: Cauchy’s Theorem 


1. A path T : y(t) ( i € [a, b ]) is simple-closed if it is 
closed and 7 is one-one on [a, b[. 

A path T : 7(<) (t € [a, 6]) is simple if 7 is one-one on 

Ml- 


. Jordan Curve Theorem 

If T is a simple-closed path, then the complement 
C — T of T is the union of two disjoint regions: 
a bounded region, called the inside of T, and 
an unbounded region, called the outside of f. 


In practice, we usually employ the following 
informal definition when testing a region for 

Let 72 be a simply-connected region, and let / 


Let 72. be a simply-connected region, let / be a 
function which is analytic on 72, and let I\ and T 7 




J nz)d, = J i 


6 . Convention Unless otherwise specified, any 
simple-closed contour in a contour integral will be 
assumed to be traversed once anticlockwise. 

7. Shrinking Contour Theorem 

Let 72. be a simply-connected region, let T be a 
simple-closed contour in 72, let a be a point inside T, 
and let g be a function which is analytic on 72 - {a}. 
Then 

Jg{z)dz = J g(z) dz, 

where C is any circle with centre a, lying inside T. 


Let 72 be a simply-connected region, let T be a 
simple-closed contour in 72, and let / be a function 
which is analytic on 72. Then 



for any point a inside T. 


2. Liouville’s Theorem 

If / is a bounded entire function, then / is constant. 


Section 3: The Derivative 
Formulas 


1. Cauchy’s nth Derivative Formula 

Let 72 be a simply-connected region, let T be a 
simple-closed contour in 72, and let / be a function 
which is analytic on 72. Then, for any point a inside 



orders on 72, so that /', f", f^ 3 \ ... are analytic on 


Section 4: Revision 


1. Contour integrals may be evaluated by the following 

parametrization (using the definition of a 

Closed Contour Theorem — Unit Bl, 

Cauchy’s Theorem — Section 1, 

Cauchy’s Integral Formula — Section 2, 

Cauchy’s nth Derivative Formula — Section 3. 

2. If the value of a contour integral is known, then 
the value of two real integrals. 









- M*) . 

~L*’) ’ 






d p is a polynomial 
function with no zeros on T: 

(a) factorize p(z) as g(z)r(z), where the 
lie inside T and those of r lie outside T; then 
/ = g/r is analytic on 'll , a simply-connected 
region which contains T; 

(b) expand 1 /q(z) in partial fractions; 


(c) h 




= f M dz&s 
Jr «(*) 


Cauchy’s Theorem for a rectangular contour 
function which ^analytic on TLThen 


2. Cauchy’s Theorem for a closed grid path 


Primitive Theorem (or Antiderivative 
Theorem) 

If a function / is analytic on a simply-connected 


4. Cauchy’s Theorem (see Section 1) is proved by using 
the Primitive Theorem and then appealing to the 
Closed Contour Theorem (Unit Bl). 


Morera’s Theorem 

If a function / is continuous on a region 'll and 
J f(z) iz = 0, for all rectangular contours r in 72 
then / is analytic on 'll. 


Unit B3 Taylor Series 

Section 1: Complex Series 


. The expression *, + z 2 + z 3 + • • • is called an 

infinite series or a series. The number z„ is called 
the nth term of the series. The nth partial sum 
of the series is 


Cauchy’s Integral Formula and/or Cauchy’s nth 


series + Z2 + 23 + • • • is convergent with 
. s if the sequence {s„} of partial sums converges 
We say that the series converges to s, and 


Section 5: The proof of Cauchy’s 
Theorem 


21 + Z 2 + Z3 + • • • = s or y>„ 
e series diverges if the sequence { 




} a convergent series, then { z n 


at null, then the series 




is called a geometric series with cc 

Geometric series 

(a) If \z\ < 1 and a € C, then the se 


•E-’- 


^ az n is divergent. 


. The series — = 1 - 
harmonic series. 




Combination Rules 
I ff^ 2 „ = 3nndf>„ = «. then 


Sum Rule + Wn ) = 3 + 

Multiple Rule Az n = As, for A € C. 







f^ 2tl =^Re 2 „ + ! fjm 2 ,,. 


Section 2: Power Series 


£-"(*- «)” =-.o+a,( 2 - a )+ «,{* - a) 2 


If ^ a n is a real convergent series of positive terms, 

then the series ^ z„ is convergent. 

real series £>4 is convergent. 

13 . Absolute Convergence Test 

14. Triangle Inequality 


3 . Let A = {z : a n (z — a) n converges). The function 

/<*>- E-(—«)* <«*) 

is called the sum function of the power series. 

4 . Radius of Convergence Theorem 
For a given power series 

£«»(* - a) n = a 0 + ai (z- a) + a 2 (z - a) 2 




Y] a„(« - a) n diverges if \z-at\> R. 


fct 2 n is a complex series for which 




(a) If 0 < I < 1, then z n is absolutely 
convergent. 

(b) If / > 1, then ^ z n is divergent. 




5 . The positive real number R in case (c) of the Radius 
of Convergence Theorem is called the radius of 
convergence of the power series. Case (a) 
corresponds to writing R = 0, and case (b) to writing 


6. All the convergence tests of Section 1 can be applied 
• series ^ a„(z — a) ra provided that 

|q„-n(*-tt)”+ 1 | 

tends to a limit (possibly oo) as n —► oo. In this case, 





7. Let R be the radius of convergence of the power 

The disc of convergence of the power series is the 
open disc {z :\z - a\ < R). The disc of convergence 
is interpreted to be 0 if R = 0, and to be C if 
R= oo. 


f'(ct), /"(«), ■ ■ ■ at the point a, then the 

P 

is called the Taylor series about a for/- The 
coefficient /< n )(a)/n! is known as the nth Taylor 
coefficient (of / at o). 




3 . If / is an entire function, then the Taylor series about 


The power series 

have the same radius of convergence R, say. 
Furthermore, if /(z) = ^ a„(z — o) n , then / is 
analytic on the disc of convergence {z :\z - at\ < R}, 

/'(,) = -a)”- 1 , for |z — a| < R. 


have the same radius of convergence R, say. 
Furthermore, if /(z) = a n (z — cr) n , then the 

constant +E^U-“)" +I 
is a primitive of / on {z : |z — o| < R}. 


Section 3: Taylor’s Theorem 

1. Taylor’s Theorem 

If / is a function which is analytic on the open disc 

= for res. (.) 

#«*) = E «»(*-«)“. foraeO, 

then a„ =/<">(<*)/„!, for n = 0,1,2. 

(In (*), we have employed the conventions 
0! = 1,0°= land /"»(,) = /(a).) 


4 . A function /: A — ■ C is even if 
/(-*) = /(*), for red, 

/(-*) = -/(*), for red. 

The Taylor series about 0 of an even (odd) function 

(1 “ z) -1 = 1 + z + z 2 + z 3 + • • •, for |z| < 1; 
expz = l + z+^ + ^4-^ + ---, for z € C; 
Log(l + z) = z-y + y- ^H - , for |z| < 1; 





6. Binomial series 

If a € C, then the binomial series about 0 for the 
function /(z) = (1 + z)* is 


for |z| < 1, 

e ^ = o(o-l)(c.-2)-.-( a -(n-l)) 


Section 4: Manipulating Taylor 
Series 


1. The restrictions of the functions tan and sin to the 
region 5 = {z : -jt/ 2 < Rez < tt/ 2} have inverse 





Section 5: The Uniqueness 
Theorem 



/(«) = /'(a) = /"(«) = • • ■ = /‘-"(a) = o, 

but /<*>(«) # 0, 

then / has a zero at a of (finite) order k. 

A simple zero is a zero of order 1. 

2 . A function / is analytic at a point a, and has a zer 
of order k at a, if and only if, for some r > 0, 

/(*) = (* - o)*0(*)» for \z - ot\ < r , 
where g is analytic at a , and g(a) ^ 0. 


U and not 
of / is of finite 






Unit B4 Laurent Series 




4 . If a function / has a singularity at a and 
1- lira f(z) does not exist, 

then a is an essentia] singularity of f. 


6. The representation (*) is the Laurent series 
(about a) for the function / on A. 

If A is a punctured open disc, then the representation 
(.) is called the Laurent series about a for f. 









Section 3: Behaviour near a 
Singularity 



(D) lim(* - a)f(z) = 0. 





Section 4: Evaluating Residues 
using Laurent Series 






lying in D. 
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PART I: UNIT SUMMARIES 

Unit Cl Residues Section 3: Evaluating Improper 

Integrals 


Section 1: Calculating Residues 

1. Suppose that an analytic function / has a singularity 
at the point a. Then 

Res(/, a) = lira (z - a)f(z), 

2. g/h Rule 

Let f(z) = g(z)/h(z), where the functions g and h 
are analytic at the point a, k(a) = 0, and h'(a) ^ 0. 
Then 

Res (f,a) = g( a )/h\a). 

3. Cover-up Rule 

are analytic at the point a, and g(a) ^ 0. Then 
Res(/, a) = p(oc)/q(a). 


to(/, «) = £ 1 j,j to - «)*/(*))) ■ 


Section 2: The Residue Theorem 

1. Cauchy’s Residue Theorem 

Let H be a simply-connected region, and let / be a 
function which is analytic on H except for a finite 
number of singularities. Let T be any simple-closed 
contour in H, not passing through any of these 
singularities. Then 

J f(z)iz = MS, 

where S is the sum of the residues of / at those 
singularities that lie inside I\ 

2 . Strategy for evaluating J $(cost,sin/)dt 

(a) Replace 

cos/ by !(, + .-),sini by 
and dt by j^dz, 

f c f(z)dz around the unit circle 
C={*:|*| = 1}. 

(b) Locate the singularities of the function / lying 
inside C, and calculate the residues of / at these 


1. Let / be a function defined on an unbounded interval 
]a,oo[. Then the function / has limit a as r tends 
to oo if 

EITHER lim f(r) = a, 

OR /(*rH«asr-oo. 


2. Combination Rules 

Let / and g be functions such that 
Urn /(r) = a and Urn g(r) = /?. 


Then 

Sum Rule 
Multiple Rule 
Product Rule 
Quotient Rule 


1mjLf{r) + g( r)) = « + /*; 
'unT(A/(r)) = Xa, for A G C; 
r iTm(/(r) ff (r)) = a^; 
^T(/(r)/ ff (r)) = alfi, 

provided that p ± 0. 


degree of q exceeds the degree of p, then 



4. Let / be a continuous function with domain IR. Then 
the improper integral J f(t) dt is 

provided that this limit exists. 

Let / be a function which is continuous on the 
interval [a, oo[. Then the improper integral 

j°° mm* 

provided that this limit exists. 

5. Let / be a continuous function with domain IR. Then: 

(a) if / is an odd function, J /(<) dt = 0; 

(b) if / is an even function, 

J°° m a =2 J°°mdt, 


(c) Evaluate the given integral by calculating 

2« x (the sum of the residues found in step (b)). 







6. Let a function / be defined and continuous at all 
Then the improper integral f* /(f) dt is 

* + J /(«)<«). 

positive values, provided that this limit exists, 
except at the point c. Then the improper integral 

J /(() it is 

J /(«)*= Hm J /(f)* 

= Mm (lim (J' ‘ /(f) it + jT /(f) * j ), 




lim J f(z)iz = xiR«s(/,a). 


1. the degree of g exceeds that of p by at least two; 

Then 



the sum of the residues of the function p/q at those 


10. Jordan’s Lemma 

Let T be the semicircular contour (traversed 

l/MI<former. 

Then, for k > 0, we have 

\J T f{z)e ' k ’ dz \ 5 T" 

11. Improper integrals of the forms 

f *m dt ’ / 4$ cos H* and / 

/-c ?(<) J -«(<) 7-00 

may also be evaluated by means of a five-step 
method: 

(a) Consider an appropriate contour integral I, 
where the contour T is of one of the following 



0 >) 

(c) 

(d) 

( e ) 


Evaluate I by using the Residue Theorem. 


Let r —*■ oo, e —► 0 (if appropriate) in the 
equation resulting from step (c), and then 
deduce the value of the improper integral. 


2. any poles of p/q on the real axis are simple. 
Then, if k > 0, 

Jlwi eik ‘ dt = 2 " S + " T ' M 

where S is the sum of the residues of the function 
* — (p(z)/q(z))e ik * at those poles in the upper 
half-plane, and T is the sum of the residues of the 
function z i—► (p{z)/q(z))e tkx at those poles on the 

By equating the real parts and imaginary parts of 
Equation (*), we obtain the values of the real 
improper integrals 


r 

J. oo g(t) 


Section 4: Summing Series 

1. Let <f> be an even function which is analytic on C 
except for poles at the points ot\ , o- 2 ,..., a* (none of 
which is an integer), and possibly at 0, and let Sn be 
the square contour with vertices at (N + |)(±1 ± i). 
Suppose also that the function f(z) = xcot irz • <f>(z) 

f(z)iz = 0. 

f>(«) = - f ^M/, 0) + E M/. “i)j • 

Further, if ^ is analytic at 0, then 
Res(/,0) = *(0). 

2. For each N = 1,2,..., 

| cot icz\ < 2, for 2 € S N , 
where Sn is the square contour with vertices at 
(AT+|)(± l±i). 





3. Let <f> be an even function which is analytic on C 
except for poles at the points aq, 02 ,..., a* (none of 

the square contour with vertices at (N + |)(±1 ±*')- 
f(z) = t cosec irz ■ <!>{z) is such that 
Jim, / f(z)iz = 0. 

Then 

fj-irtt”) = -|^(/,0)+^Res(/,a,)j . 

Further, if 0 is analytic at 0, then 
Res(/,0)=>(0). 

4. For each N = 1,2,, 

| cosec icz\ < 1, iotzeS N , 

(N+±)(±l±i) q 

5. The Laurent series about 0 for cot and cosec are: 



Unit C2 Zeros and 
Extrema 


Section 1: The Winding Number 

1. A continuous argument function for a path 
r : 7(0 (« € [a, ft]) lying in C - {0} is a continuous 
function 

0: [o, 6] i * R 

such that, for each t G [o, 6], 0(t) is an argument 

of 7(0- 

Such a function 6 satisfies 



2. Any path T : y(t) (t e [a, b]) lying in C - {0} has a 
continuous argument function 0, which is unique 
apart from the addition of a constant term of the 
form 2xn, where n G Z. 

3. The winding number of a path V : j(t) (t £ [a, *]) 
lying in C — {0} round 0 is 

Wnd(r,0) = i-(W-<?(a)), 

Wnd(r, 0) may be calculated by inspecting a sketch 
of T, if one is available. 

4 . For <f> G R, the function Arg^ is defined by 

Arg*(r) = » (r € C — {0}), 
where 0 is the argument of z lying in the interval 
>-*»,«• 

5. For all d G R, Arg 0 is continuous on the cut plane 

C* = {re i9 :r > 0, d - 2* < 0 < d} • 

L°g,M = log. |z| + i Arg^a) (a € C - {0}). 

7. For all d € IR, Log^ is analytic on C* with derivative 
LogJ, given by 

Logi(*) = l/a, foraeC*. 

8. Let r : ')'(t) (t € [a, 6]) be a closed contour lying in 
C-{0}. Then 

w nd( r ,°) = ^Id, 

9. The winding number of the path T : 7 (<) (< G [a, b ]) 
lying in C — {a} round a is 

Wnd(r,«) = ^(MA)-Ma)), 

where 0 a is a continuous argument function for T 
relative to a (that is, 0 a is continuous on [a, 6] and 






10. Wnd(r, a) = Wnd(r — a, 0), 

r- a : T (i)-« (« € [«, &]) 

is the path T translated by —a. 

11. Let T be a closed path and let D be an open disc 
lying in the complement of I\ Then the function 
a i—► Wnd(r, o) is constant on D. 


Section 2: Locating Zeros of 
Analytic Functions 

1. Let an analytic function / have a zero of order n 
at «. Then the function f'/f has a simple pole at a 
with 

Res(/'//,«) = ». 


2 . 


3. 




Let a function / be analytic on a simply-connected 
region 72 and let F be a simple-dosed contour in 72, 
such that f(z) ^ 0, for z € I\ Then 


Wnd(/(r),0) = N, 

Let a function / be analytic on a simply-connected 
region 7. and let T be a simple-dosed contour in 7v. 
such that f(z) # >3, for a € T. Then Wnd(r,/7) is the 


always counted 


Rouche’s Theorem 
Suppose that 

1. the function f is analytic on a simply-connected 

2. T is a simple-closed contour in 72 and 

l/(*)-ff(*)l<M*)l. former. 

Then / has the same number of zeros as g inside T. 
(The function g is known as a ‘dominant term’ in / 


Section 3: Local Behaviour of 
Analytic Functions 

1. Open Mapping Theorem 

Let the function / be analytic and non-constant on a 
region H and let G be an open subset of %. Then 
f(G) is open. 

region then f(H) is a region. 

3. Let a function / be analytic on a region H and let 
a Then / is n-one near a if there is a region 
S in H, with a e S, and a function <f> which is 
analytic and one-one on its domain S, such that 

f(z) = f(a) + (<l>(z)) n , for z GS. 

4 . Local Mapping Theorem 

Let a function / be analytic on a region H and let 
a eft. Then the Taylor series about a for / has the 

f(z) = /(a) + a„(z - a) n + a n+1 (z - a) n+1 + • • (*) 

where n > 1 and a„ ■£ 0, if and only if / is »-one 

5. The Taylor series for / about a takes the form (*) if 

but/">(<*) #0. 

a region H. Then / -1 is analytic on f{Tl) and 

(r')'m = w ^ wr 

7. The inverse functions tan -1 and sin -1 are analytic. 

8. Strategy for inverting a Taylor series 
Given the Taylor series about a for /: 

/w=E «.(*-«)*. 

where <n = /'(o) # 0, we can find the Taylor series 
about P = f(a) for / -i : 


5. Fundamental Theorem of Algebra 

Let p(z) = ao + oiz +-f- a n z n , where n > 1 and 

o„^ 0. Then p has exactly n zeros, all lying in the 
open disc {z : \z\ < iJ}, where 

R = 1 + max{|oo|/K|,.... |u„_i|/|n„|}. 


by putting b 0 = a and equating the powers of ( z - a) 
in the identity 

z-ot = bi(ai(z - a) + a 2 (z - a) 2 + • • •) 

+ b 2 (a!(z - a) + a 2 (z - a) 2 + ■ ■-f + ■ ■ ■, 
to obtain equations for bi, b 2 ,. .., in terms of 



Section 4: Extreme Values of Unit C3 Analytic 

Analytic Functions Continuation 


1. Let a function / be defined on a region 72.. Then the 
function |/| has a local maximum at the point 

a €'ll if there is some r > 0 such that 
{z : \z — ot\ < r} C ft and 

|/(*)| < |/(«>|, for |z — a| < r. 

2. Local Maximum Principle 

Let a function / be analytic on a region 72.. If / is 
non-constant on 71, then the function |/| has no local 

3. The closure A of a set A in C is 

A = int A U dA. 


Section 1: What is Analytic 
Continuation? 

1. Let / and g be analytic functions whose domains are 
the regions 7 1 and S, respectively. Then / and g are 
direct analytic continuations of each other if 
there is a region T CUDS such that 
f(z) = g(z), for zeT. 

We also say that g is a direct analytic 
continuation of / from 71 to S, and vice versa. 


4. Maximum Principle 

Let a function / be_analytic on a bounded region 72., 
and continuous on 72.. Then there exists a £ 372. such 


|/(*)| < |/(«)|, for z € 71. 


2. Let a function / be continuous on the interval ]0, oo[. 
Then 

jf°/(i)dl = lim f(t)dt+lim^J^ fit) it, 

provided that both these limits exist. 


Let a function / be analytic on abounded region U, 

I/Ml > I/Ml. for-a 

6. Boundary Uniqueness Theorem 

Let functions / and g be analytic on a bounded 

7. Schwarz’s Lemma 

{ \f(z)\<M, for \z\ < R. 

Then 

!/(*)! < {M/R)\z\, for \z\ < R. 


3. Improper integrals of the forms 

rm .w td t rua« rm*, 

such that p/q is even, the degree of q exceeds that of 
p by at least two and any poles of p/q on the 
non-negative real axis are simple, may be evaluated 
by a five-step method like that given in item 11 of 
Unit Cl, Section 3 above. 


4. Let p and q be polynomial functions such that 

1. the degree of q exceeds the degree of p by at 

2. any poles of p/q on the non-negative real axis 
are simple. 

Then, for 0 < a < 1, 

where S is the sum of the residues of the function 

M*) = jjjj ex P (« Log^M) 

in C 2 ,r, and T is the sum of the residues of the 
function 

/2(j) = fM exp( “ Log ^ 

on the positive real axis. 




Section 2: Indirect Analytic 
Continuation 

H and let a € H. If the disc of convergence D of the 
Taylor series about a for / contains points which are 
not in n , then the function g, with domain D, 
defined by the Taylor series is a direct analytic 
continuation of / by Taylor series. 


2. For convenience an analytic function / whose domain 

3. The finite sequence of functions 

(/l,*l), (A, (A,*.) 

forms a chain if, for k = 1,2,..., n — 1, 

(/*+!, ftfc+i) is a direct analytic continuation 
of (Au¬ 
toJoin to {f n ,H n ). UTh = K n , then the 

Two functions of a chain which are not direct 
analytic continuations of each other are called 
indirect analytic continuations. 


Section 3: Uniform Convergence 


1. A sequence of functions {/„} converges pointwise 
zeE, 

^nj n (z) = nz). 


2. A sequence of functions {/„} converges uniformly 
(to a limit function /) on a set E if 

for each e > 0, there is an integer N such that 

I fn(z) - f(z) | < c, for all n > JV, and all z € E. 
We also say that {/„} is uniformly convergent 
on E, with limit function /. 

3. Strategy for proving uniform convergence 

To prove that a sequence of functions {/ n } converges 
uniformly on a set E: 

(a) determine the limit function / by evaluating 

/(*)=UWn(*), for z £ E\ 

(b) find a null sequence {a„} of positive terms such 

l/»(*)-/(*)!< <■», 


4. If {^„} is a sequence of functions, then the series of 

converges pointwise/uniformly on a set E 
if the sequence of partial sum functions 

The limit function / of the sequence’ {/„} is called 
the sum function of <t> n on E, written 


5. Weierstrass’ M-test 

Let be a sequence of functions defined on a set 
E and suppose that there is a sequence of positive 
terms {M n }, such that 

1. \K{z)\ <M n , for n = 1,2,..., and all 2 € J5; 




6. Weierstrass’ Theorem 

Let {/„} be a sequence of functions which are 
to a function f on each closed disc in %. Then 
/ is analytic on H 

on each closed disc in %. 

7. When Weierstrass’ Theorem is used to prove that a 
function / defined by a series is analytic, the 

differentiation of the series. 


8 . The zeta function C» defined by 
M = (Re* > 1), 

is analytic, and can be continued analytically to 

C-{!}- 






Section 4: The Gamma Function 


1. Let 71 be a region and let if be a complex-valued 
function of the two variables z G 71 and t € [o, 6], 

*€[«,&]/ 

2. I< and dK/dz are continuous on [a, 6] as 


2 . 


\K{z,i)\<M, for zen,te[a,b]. 
Then the function 

M-] K(z,t)dl (*€«) 
is analytic on 71 and 


/w-jf£<.,*)* 




r« 




(a) T is analytic on H = {z : Re z > 

(b) r(») = (»-!)!, for » > 1, 

(c) r(z + l) = zY(z), for zeH. 


to C — {0, —1, —2,...} with simple poles at 

Res(r, -k) = for k = 0,1,2. 

The functional equation of the gamma function holds 
on C — {0, —1, —2,...}. 


4 . The value of the gamma function at | is 





for 2 € C 




Section 5: Riemann’s Legacy 

This a reading-only section. 
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PART I: UNIT SUMMARIES 
Unit D1 Conformal 
Mappings 

Section 1: Linear and Reciprocal 
Functions 

1. A function of the form f(z) = az + b, where a, b € C 
and a ^ 0, is called a linear function. 

2. Linear functions map circles onto circles and straight 
lines onto straight lines. Furthermore, 

(a) given any two circles Cr and C 2l there is a linear 
function that maps C, onto C 2 ; 

(b) given any two lines Li and i 2 , there is a linear 


8. Let / be a ^rational function. The extended 

function f associated with / is the extension of / to 

C: 

/(«)=A 



9. If L is a line in C, then L U {oo} is an extended 
line in C. 

10. A generalized circle is either a circle or an 
extended line. It is completely determined by thre 

11. Extended linear functions and the extended 
reciprocal function map 

(a) Cone-one onto C; 


3. The function f(z) = 1 /z is called the reciprocal 


ora a pft y h f unde“ d /^)= e l/z & 

To find the equation of the image f(T) of a path T 
under f(z) = l/z: 

y-coordinates of all points i+tyonT; 

(b) replace x by ^ ^ and y by ^ > 

equation that relates the u- and w-coordinates of 
all points u + iv on the image f(T). 


where a, b, c, d 6 R and b 2 + c 2 > 4ad. 





6. The extended complex plane C is the union of 

the point at infinity, which is denoted by oo; thus 
C = Cu{oo}. 

the function g(w) = /(1/to) has the corresponding 


12. The sphere S of unit radius and centre the origin is 
called the Riemann sphere. 

13. The function x: S —► C, defined by 


.(GHbMdb)’-. 


(u,u, 3 )eS- {(o,o,i)}, 

(u,u,s) =(0,0,1), 




Section 2: Mobius 
Transformations 

1. A function of the form 

w ^ ere u, 6, c, d € C and ad — be 0, 
is called a Mobius transformation. 

2. Every Mobius transformation is analytic and 


transformation is called the extended Mobius 
transformation. 

4. Every Mobius transformation is either a Unear 
function, or a composition of linear functions and the 

5. Extended Mobius transformations map 

(a) C one-one onto C; 

(b) generalized circles onto generalized circles. 







The Mobius transformation 

f{z ) = where a,b,c,d £ C and ad —be ^ 0, 

is a one-one function from C — {—d/c} onto 
C — {o/c}, with inverse function 

r i (w)= 

Furthermore, / -1 = / _1 . 


The set of extended Mobius transformations has the 
following group properties. 


Section 3: Images of Generalized 
Circles 

1. Although the images under an extended Mobius 
transformation of three distinct points on a 
generalized circle C do determine the image of C, it 
may be difficult to identify that image. 

2. The Apollonian form of the equation of a 
generalized circle is 

|*-or| = *|*-0|, where cJeC and * > 0. 

If k = 1, the generalized circle is an extended line. 



Section 4: Transforming Regions 

1. An open disc centred at oo is a set of the form 

{z : \z\ > M] U {oo}. 

2. Let A be a subset of C and let a € C. Then or is a 
least one point of C - A. 

boundary in C of A. 

3. Let f be a Mobius transformation and let H be a 
region in the domain of /. Then /(ft) is a region and 

boundary in C of ft onto the boundary in C of /(ft). 

of which is called a generalized open disc. 

5. Conformal mappings between basic regions may be 
used to find, by composition, conformal mappings 


K = {z:-r/2<Rez<x/2} 
has inverse function tan -1 defined by 
tan -1 w — Log Q ( w € 5), 

where S = C - {*t>: |t>| > 1}. 

7. The restriction of the function sin to 

H = {z:-x/2<Rez<x/2} 
has inverse function sin -1 defined by 

sin -1 w = \ Log(itn + y/l-w 2 ) (w € S), 
where S = C - {« € R : |u| > 1}. 

8. The Joukowski function J is defined by 

J(*) = z + i («,£ 0). 

The restriction of J to {z: \z\ > 1} has inverse 
function J -1 defined by 

•'■*(») = + (t» e c — [—2,2]). 


following figures. 


Section 5: The Riemann Mapping 
Theorem 








Unit D2 Fluid Flows 

Section 1: Setting up the Model 


ic Mathematical Model 


nation of the flow velocity is continuoi 


Cr = J qT(s)ds, 

and the flux of q across 

= J Ms)ds. 
10. Cr + £Fr = J q(z)d 


se domain is the region occupied by 


(b) locally flux-free if T v = 


3. If q i 

4. A st 


th path r : 7 (i) (4 € /) 


(a) forte/; 

(b) zo = y(to), for some to € J. 

If q(z 0 ) = 0, then { 20 } is a degenerate streamline, 
with constant parametrization 
T (t) = 2o (tel). 

5. The component of q(z) in the direction specified by 
<n(z) = Re(?(z)e'") . 

The component of q(z) in the direction specified by 
S(8-z/s)(s) = • 


12. A model flow of a fluid is described by a cont 
complex velocity function (whose domain is a 
which is locally circulation-free and locally flux 

13. A fluid flow is a model flow on a region 71 if an 


Jq(z)dz= 0. 




ts conjugate velocity function q is 


7. If T : 7 j (f) (t € [a, b ]) is a smooth path of length L, 
then there is an equivalent parametrization 
y(s) (s€[0,L]) such that 

= for 0 < s < X. 


8. If r : 7 <s) (s 6 [0. £]) is a smooth path with 
unit-speed parametrization, which lies in the r 

s € [0,i], the flow velocity jfrM) has 


A source of negative strength is a sink. 

16. Let q be a continuous complex velocity fu: 
region ft, and suppose that ?1 = Reg and 
have partial derivatives with respect to x 

(a) locally circulation-free if and only if 

dq 2 dqi _ v . 
dx dy 

(b) locally flux-free if and only if 


/(s) in the dir 






Section 2: Complex Potential 
Functions 

1. Let q be a model flow velocity function with domain 
ft. A function ft which is a primitive of q is called a 
complex potential function for the flow. 

Cr + .Tr = J n'(z)iz = U(fl)-(i( a ), 

where T is any contour lying in the domain of ft with 
initial and final points a and /?. 

Such a complex potential function ft always exists on 
a simply-connected subregion of ft, by the Primitive 
Theorem. 


4. Obstacle Problem 

Given an obstacle if and a real number c, we seek 
model flow velocity function q with domain the 
region ft = C — K, satisfying the following 


5. For the flow in the Obstacle Problem, 




4. If ft(z) = $(x, y) + i¥(x, y), then = Im ft is the 
stream function for the model flow with complex 
potential function ft and the family of curves given 


Section 3: Flow past an Obstacle 

1. Some standard notation: 

Ka = U -. \z\ < a}; 
fi a , c (*) = z + ^--.-cLt)gz; 

where a, c € R) with a > 0. 

2. For a > 0, c G R, the model flow velocity function 
q a ,c satisfies the following properties: 

« Jta ,.„(*) = 1} 

(b) dK a is made up of streamlines for q a ,c\ 

(c) for any simple-closed contour surrounding K a , 


= J ql 

(8) ^r = Im J j77(z), 


, The model flow velocity function q a , c solves the 
Obstacle Problem for K = K a , with circulation 2xc 
around K. 

. Flow Mapping Theorem 

Let K be an obstacle and let / be a one-one 
conformal mapping from C — K onto C — K a , where 

where R > 0 and a 0 , a-i, a_ 2 ,... G C. Then the 
velocity function 

(*ec -k) 

is the unique solution to the Obstacle Problem 
for K, with complex potential function 
Q = Q atC o /. 



critical point of /. 

A Joukowski aerofoil (in the z-plane) is an 
obstacle which (possibly after an appropriate 
translation or rotation) has boundary J a {B), 
where B is a circle which passes through the cri 
point w = a of the function J a (w) = w + a?/w i 


1. A symmetric aerofoil in a uniform stream in the 
direction of the positive x-axis has angle of 
attack if is the angle measured clockwise from 
the negative x-axis to the line of symmetry of the 


K in C, 












Unit D3 The Mandelbrot Section 2: Iterating Complex 
Set Quadratics 


Section 1: Iteration of Analytic 
Functions 

1. A sequence {*„} defined by 

*„+.=/(*»), n = 0,1,2,..., 
where / is a function, is called an iteration 
sequence with initial term z 0 . 

2. The nth iterate of a function / is the function 
obtained by applying the function / exactly n times: 

/" = / o / o • • • o /, 

Also, f denotes the identity function /°(z) = z. 

3. A point a is a fixed point of a function / if 
/(*)=“■ 

The equation /(s) = * is called the fixed point 

5. The fixed point a of an analytic function f is 

(a) attracting, if |/'(a)| < 1; 

(b) repelling, if |/'(<r)| > 1; 

(c) indifferent, if |/'(«)| = 1; 

(d) super-attracting, if /'(») = 0. 

6. If a is an attracting fixed point of an analytic 

under / if’the set 

{z : /"(s) —. o as n oo} . 

for some one-one function h called the conjugating 
function. If the sequence {z„} is defined by 

*»+!=/{*»), » = 0,1,2. 

lor some z 0 , and u>„ = h(s„), for n = 0,1,2.then 

the sequence {tn n } satisfies 

w n+ i=g(w n ), for n = 0,1,2,..., 
and {z n } and {«;„} are called conjugate iteration 
sequences. 

8. Let p be a polynomial function. Then {*„}, where 


2 =2 n = fl , 2 
" +1 n p'M' ’ ’ ’ 

is the Newton-Raphson iteration sequence, 

* M — PM’ 

is the Newton-Raphson function corresponding 


1. The iteration sequence 

where d = ac+ %b — \b 2 . The conjugating function is 
h(s) = as+ 16. 

2. The set of functions {P c : c G C} defined by 

Pc(*) = * 2 + c, 

where c € C, is the family of basic quadratic 
functions. 

3. Letr c = i + vT+N* T^n, for M > r c , 

{|P"(«o)|} is an increasing sequence, 
P c >o)-ooasn-oo. 

4. For c € C, the escape set E c is 

Ec — {z.: Pc{z) -*ooasn-4 00 } . 

zeA^f(z)eA. 

6. For each c 6 C, the escape set E c and the keep 
set K c have the following properties: 

(a) E c D {z : \z\ > r c } and K e C{z : \z\ < r c }; 

(b) E c is open and K c is closed; 

(c) E c # C and K c # 0; 

(d) E c and K c are each completely invariant 

(e) E c and K c are each symmetric under rotation by 

(f) E c is connected and K c has no holes in it. 

f p (a) = or, but /*(or) /a, for k = 1,2,...,p-l. 
The p points 

a, /(«), /»./”“'(«) 

then form a cycle of period p, or a p-cycle of /. 
All the periodic points of P c lie in the keep set K c . 






8. Let a, /(a), / 2 (ar)./ p_1 (ar) fonn a p-cycle of 

an analytic function /. Then 

(a) (/')' («) = /'(or) X /'(/(«)) x f (f(a)) 

x"x/'(r‘w) 

(b) the derivative of / p takes the same value at each 
point of the p-cycle; that is, 

(/”)'(«) = (/ p )'(/W) = (/ p )'(/ a («)) 

= ... = (/’’)'(/ p - I (o)). 

9. Let a belong to a p-cycle of an analytic function /. 
The number ( f p )' (o) is the multiplier of the 

10. If a is a periodic point, with period p, of an analytic 
function /, then a and the corresponding p-cycle are 

(a) attracting, if |(/ P )'(«)|<1; 

(b) repelling, if |(/ p )'(«)| > 1; 

(c) indifferent, if |(/ p )' (a)| = 1; 

(d) super-attracting, if ( f p )‘ (a) = 0. 

(a) If a is attracting, then or is an interior point 

(b) If a is repelling, then a is a boundary point 
of K e . 

12. The Julia set J c of P c is the boundary of K c . 

K c is called the ‘filled-in Julia set’. 


Section 3: Graphical Iteration 

1. Graphical iteration with a real function f is the 
process of constructing the sequence {in}, where 

*.+1 =/(»„), n = 0,1,2,..., 

(* O |0) to (x 0l 2i) (= (35o, /(aso))) 

(*o,*t) to (xi.xi) 

(*„«,) to (=(*.,/(*.))) 

(*1,12) tO (l2,*2) 

(*2,*2)to(.2, *3) (=(*2,/(*2») 
using the graphs y = f(x) and y = x. 

2. If c 6 K, then the real function P c has 
(b) the single fixed point |, if c = j-; 



5. If c < -2, then the set K c n R consists of the closed 
interval I c from which a sequence of disjoint, 

removed. In particular, 0 K c . 

Section 4: The Mandelbrot Set 

sets Gi and G 2 such that 

AnGi#0, AC\G 2?0 and XCGjUG 2 . 
A set A is connected if it is not disconnected. 

2. Any pathwise connected set is connected. 

3. The Mandelbrot set is the set M of complex 
numbers c such that K c is connected. 



The square represented in this figure is 
{c: -2 < Rec < 1, -1.5 < Imc < 1.5}. 


4. For any c € C, 

K c is connected 0 € K c . 

5. The Mandelbrot set M can be specified as follows: 

M = {c:|P c n (0)|<2, for n = 1,2,...}. 

6. The Mandelbrot set M 

(a) is a compact subset of {c: \c\ < 2}; 

(c) meets the real axis in the interval [-2, J]; 

(d) has no holes in it. 

7. The Mandelbrot set is connected. 


3. 


If c > then K c n R = 0. 


If the function P c has an attracting cycle, then 

ceM. 
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9. (a) The function P c has an attracting fixed 
and only if c satisfies 

(8|c| 2 — |) 2 + 8 Re c < 3, 

(b) The function P c has an attracting 2-cyde if and 


|c+l|<i. 


10. 




the function P c has an attracting p-cyde, 
fordlc€ H. 


11. The function P c has a super-attracting p-cyde if and 
only if 

J?( 0) = 0, buti> e fc (0)#0, for fc = 1,2,... ,p — 1. 

12. The number A is a primitive nth root of unity if 
integer for which X n = 1. 


13. Suppose that the function Pcq, cq € C, has a p-cyde 

(a) Saddle-node bifurcation at c 0 If A = 1, 

then co is the cusp of a cardioid-shaped periodic 



. The set of points which are mapped to a set E by P c 
is called the preimage set of E and is denoted by 

Pc\E)-. 

P~ l (E) = U-.P c (,)€E}. 


' is a compact disc and c jf dE, then Pr'(E) is 
one compact disc containing 0, if c € int E] 
two compact discs, neither containing 0, if 
c€ext£. 


Section 5: Beyond the 
Mandelbrot Set 






PART II: INDEX 



angle of attack 7 

force acting on an obstacle 8 

Obstacle Problem 7 

Apollonian form 4 

functions 

open disc centred at oo 

Basic Mathematical Model 6 

conjugate 9 

period-multiplying 




